A new upper limit on the amplitude of primordial magnetic field (PMF) is derived by a comparison between a calculation of elemental abundances in big bang nucleosynthesis (BBN) model and the latest observational constraints on the abundances. Updated nuclear reaction rates are adopted in the calculation. Effects of PMF on the abundances are consistently taken into account in the numerical calculation with the precise formulation of changes in physical variables. We find that abundances of 3 He and 6 Li increase while that of 7 Li decreases when the PMF amplitude increases, in the case of the baryon-to-photon ratio determined from the measurement of cosmic microwave background radiation. We derive a constraint on the present amplitude of PMF, i.e., B(0) < 1.5 µG [corresponding to the amplitude less than 2.0 × 10 11 G at BBN temperature of T = 10 9 K] based on the rigorous calculation. PACS numbers: 26.35.+c, 98.62.En, 98.80.Es, 98.80.Ft 
parameters than the amplitude of PMF. Suh & Mathews [53] have studied sensitivity of limits on PMF to the neutrino degeneracy. See section 3 in Ref. [54] for a review of this topic.
The latest BBN constraint on the magnetic field [51, 54] has been vary old. It was based on assumptions of an old baryon-to-photon ratio η = 2.8 × 10 −10 and the upper limit on 4 He mass fraction of Y p ≤ 0.245. The values are updated to be η = 6.2 × 10 −10 for
ΛCDM+SZ+lens model [41] , and Y = 0.2561 ± 0.0108 [55] . In this paper we perform a network calculation of BBN taking account of effects of PMFs, and show a latest constraint on PMF through effects on elemental abundances. In addition, formulae necessary for precise numerical calculations are provided. This study improves the following points over previous works: 1) updates on nuclear reaction rates, the neutron lifetime, and observational constraints on primordial abundances, 2) a precise treatment of electron chemical potential in abundance calculation and an estimation for initial value of electron chemical potential,
3) a precise calculation of temperature evolution as a function of time or cosmic scale factor, and 4) a caution that an effect of magnetic field on nuclear reaction rates is weak.
In Sec. II we describe the model of SBBN code with a recent update on nuclear reaction rates and the neutron lifetime, and also how to include magnetic fields effects on BBN in precise numerical studies. In Sec. III we show results of calculations of BBN in the presence of variable amplitudes of PMF. In Sec. IV we discuss constraints on PMFs. In Sec. V we summarize this study. In Appendix A we describe formulae necessary for BBN network calculations including effects of PMFs. In Appendix B an effect of PMFs on nuclear reaction rates is studied, and it is shown to be negligible.
II. MODEL A. standard BBN
We use a BBN code [19, 56] for reaction network calculations. The Sarkar's correction is adopted for 4 He abundance [23] . Rates and their uncertainties of reactions for light nuclei (A ≤ 10) are updated with recommendations of the JINA REACLIB Database V1.0 [57] . We derive 95 % confidence regions of elemental abundances assuming uncertainties in rates of the 12 important reactions [19] . The rates are assumed to be given by the Gaussian distribution, a Reaction number in the Kawano's code [56] .
and 1000 runs are performed for each eta value. The reactions and the references for adopted rates are listed in Table I .
We adopt two values of neutron lifetime. One is 878.5 ± 0.7 stat ± 0.3 sys s from Ref. [63] based on improvements [58] in the measurement. This relatively short lifetime better satisfies the unitarity test of the Cabibbo-Kobayashi-Maskawa matrix [58] , and it can improve the agreement between observed primordial abundances and BBN predictions [64, 65] . Another value is 885.7 ± 0.8 s from the old recommendation by the Particle Data Group [59] . As of April 2012, the Particle Data Group presents a new average neutron lifetime of 881.5 ± 1.5 s which is sandwiched between the adopted lifetimes. [66] .
We adopt constraints on primordial abundances as follows:
A deuterium abundance in a damped Lyman alpha system of QSO SDSS J1419+0829
was measured precisely than any other QSO absorption systems [67] . We adopt both of a mean value of ten QSO absorption line systems including J1419+0829, and the abundance of J1419+0829 itself, i.e., log(D/H)=−4.58 ± 0.02 and log(D/H)=−4.596 ± 0.009, respectively.
We take 2σ uncertainties, i.e.,
3 He abundances are measured in Galactic HII regions through the 8.665 GHz hyperfine transition of 3 He + , i.e., 3 He/H=(1.9 ± 0.6) × 10 −5 [68] . Although the constraint is rather weak considering its uncertainty, we take a 2σ upper limit from abundances in Galactic HII region, i.e.,
For the primordial helium abundance we adopt two different constraints, i.e, Y = 0.2565± 0.0051 [69] and Y = 0.2561 ± 0.0108 [55] both from observations of metal-poor extragalactic HII regions. We take 2σ limits of
As a guide, observed lithium abundances follow although they are not used as constraints.
Primordial 7 Li abundance is inferred from spectroscopic observations of metal-poor halo stars (MPHSs). We adopt log( 7 Li/H)= −12 + (2.199 ± 0.086) (95% confidence limits) derived in a 3D nonlocal thermal equilibrium model [70] . This estimation corresponds to the 2σ range of
Observations of MPHSs suggest a presence of 6 Li nuclei in some of the stars. The most probable detection of 6 Li for G020-024 indicates 6 Li/ 7 Li=0.052 ± 0.017 [71] . We use the 2σ upper limit and log( 7 Li/H) = −12 + 2.18 for the same star [72] , and derive [50] .
In this study we fixed the final η value. The effect of the magnetic field on weak reaction rates has been long since found to be negligible [49, 50] . It is, therefore, not included in this calculation.
III. RESULT 3 He abundance is slightly higher than in SBBN. [50] , and are consistent with our result.
The following constraints are derived from Fig. 2 .
If one conservatively takes the constraint on 4 He abundance by AOS10, the observation of D abundance provides the strongest upper limits on PMF. The conservative upper limit from the mean value of QSO D/H ratio [67] is
while that from the best D/H measurement [67] is
The latter limit is nearly identical to the previous estimation (corresponding to γ(T 9 = 1) < 2.3 × 10 −3 which is read from eq. (4) in Ref. [50] ), while the former is less stringent than the former by a factor of two. Previous constraints [49] [50] [51] 54] have been derived neglecting changes in evolution of baryon-to-photon ratio η. In our work, this effect is consistently taken into account, and the final η value is fixed to the WMAP estimation. The present result is, therefore, most precise. Other improvements are updates of nuclear reaction rates, observational constraints on primordial abundances, and baryon-to-photon ratio.
IV. DISCUSSION
The constraint derived in this study is related to the local field amplitude B contributed from all wavelengths, and is not for that measured at any particular scale [49] . The present amplitude of cosmological averaged field, i.e, B rms , (or the energy density of magnetic field)
is defined [49] by
where z is the redshift, V H is the Hubble volume, and x is the position vector. The conservative constraint is then B rms (0) < 1.5 µG.
Magnetic fields on some scales depend on the spatial structure of field. The root mean
where L 0 is the comoving coherence length, and p is a parameter determined from statistical properties of the magnetic field [54] .
The present constraint can be compared with those from other measurements summarized in Refs [73, 74] . We note that the new constraint [Eq. (7)] can be the strongest for small correlation scales of L 0 < ∼ 10 −2 pc. Direct constraints on magnetic field strength at smallest scales are derived from observations of Zeeman effect of HI, OH and CN in molecular clouds and HI diffuse clouds [75] . The smallest upper limit on the radial component of magnetic field is B = 0.0 ± 0.9 µG for an HI cloud seen in absorption against radio source 3C 348
(a usable data in Ref. [76] ). Heiles and Troland used data of Zeeman-splitting of the 21 cm line [76] , and estimated a median total field strength B = 6.0 ± 1.8 µG for HI clouds with scales of typically O(0.01 -10 pc), taking account of probability distribution function of total field strength B and a random orientation of fields with respect to the line of sight [77] .
The constraint on PMF from BBN studies cannot be directly compared with those from CMBR studies (e.g. [78] [79] [80] [81] ) , i.e., B(1 Mpc, 0) rms = 0.85 ± 1.25 nG [81] , since the CMBR limits are imposed on magnetic fields on scales larger than the horizon in the BBN epoch. [54] .
For example, when we adopt L 0 = 100 pc (the comoving Hubble horizon in the BBN epoch) and p = 3/2 (which is derived in the assumption that a field vector performs a random walk We find that the existence of PMF increases abundances of 3 He and 6 Li, and decreases that of 7 Li in the calculation for the baryon-to-photon ratio determined from the measure-ment of cosmic microwave background radiation with the Wilkinson Microwave Anisotropy
Probe. As a result of the rigorous calculation, we derive a constraint on the present amplitude of PMF, i.e., B(0) < 1.5 µG [corresponding to the amplitude less than 4.6 × 10 −3 times the critical magnetic field strength for electron at temperature T = 10 9 K].
Appendix A: Formulae for effects of magnetic field on nucleosynthesis
energy density
The energy density of magnetic field is
where B is the amplitude of magnetic field, and γ = B/B C is the B value in units of critical magnetic field, i.e., B C = m 2 e /e = 4.41 × 10 13 G with e the electric charge,
and m e the electron mass. This energy contributes to the total energy contents of the universe related to the Hubble expansion rate. In this study, it is assumed that the primordial magnetic field (PMF) just attenuates by the cosmic expansion.
thermodynamic variables of electron in a magnetic field
The number density, energy density and the pressure [84] of the electron and positron are given [54] , respectively, as
where
is the Fermi-Dirac distribution function at electron temperature T e , and E n = [p The above quantities can be rewritten in the form of
where k = p z /m e , ǫ = (k 2 + 1 + 2γn S ) 1/2 , z e = m e /T e , and φ e = µ/T e were defined.
Using the Euler-McLaurin formula [85] , the number density and the energy density of electron and positron are given by 
These equations are the same as those derived in Ref. [49] 
whereh is the Planck's constant, c is the light speed, and
and the parameter θ(η) ≡ η 2 + m 2 e /T 2 e was defined. Partial derivatives of this function with respect to T 9 = T e /(10 9 K), the neutrino temperature, i.e, T ν , and φ e are given by
where we used ∂γ/∂T ν = 2γ/T ν .
The second variable is a perturbation in the total energy density of electron and positron induced by B = 0, i.e.,
was defined. Partial derivatives of this function with respective to T 9 , T ν and φ e are given by
The third variable is a perturbation in the total pressure of electron and positron, i.e.,
was defined.
density-temperature relation
In the BBN code [56] , derivatives of φ e with respect to T 9 , r = r(T ν ) = log(a 3 ) with a the scale factor of the universe, and S = i Z i Y i with Z i the charge and Y i the number ratio of nuclide i to total baryon, respectively, are calculated and used. In the calculation, we use the following equation for charge conservation in the universe:
where n e ∓ (B) = n e ∓ (0) + ∆n e ∓ (B) is the number density of e ∓ in an environment of magnetic field B, N A = 6.02 ×10 23 is the Avogadro's number, and k is the Boltzmann's constant.
The left and right-hand sides are denoted as N = N(T 9 , T ν , φ e ) and M = M(T 9 , r, S),
respectively. Taking derivatives of both sides with respect to T 9 , r and S, three partial derivatives are obtained as in the case of no magnetic field [56] :
where we used ∂T ν /∂r = −T ν /3. The above derivatives are estimated utilizing Eqs.
(A12-A16), and used in estimation of time evolution of the chemical potential param-
dρ e /dT 9 is given by dρ e dT 9 = ∂ρ e ∂T 9 + ∂ρ e ∂φ e dφ e dT 9 + ∂ρ e ∂T ν dT ν dT 9 ,
where dT ν /dT 9 can be described as
The conservation of energy for mixed matter of γ, ν's, e ± and baryons leads [56] to
where ρ γ and ρ b are energy densities of photon and baryons, respectively, and P γ and P b are pressures of photon and baryons, respectively.
Time derivative of the electron and positron energy density is given by
= ∂ρ e ∂φ e ∂φ e ∂r + ∂φ e ∂S ∂S ∂t i.e.,
where L(z) = K 2 (z)/z [56] was defined with K 2 (z) the modified Bessel functions.
note
Some transformations in equations are used in order to avoid appearances of divergences in a numerical calculation. They
Precise reaction rates are derived below. The point is that a target is hit by projectiles coming from all directions although the distribution function of projectile charged particles are quantized.
Nuclear distribution function
Magnetic fields would affect nuclear reaction rates through a discretization of momentum on the plane perpendicular to the field direction (z-axis). The Zeeman splitting also realizes in magnetic fields. It is, however, neglected in this study since situations of large fields are eventually excluded from light element abundances deviated through their effects on the cosmic expansion rate. Energy levels of charged nuclides are then given by
where m and Z are the mass and the charge number of a nuclide, respectively.
The nuclear distribution function is discretized similarly to the case of electron as
where g is the statistical weight, and µ C is the chemical potential of the nuclide. The number density of nuclide i in a Landau level n Li and in a momentum range between p zi and p zi +dp zi is given by
The total number density is given by
The fraction in number density is derived from Eqs. (B4) and (B5) as n i (n Li , p zi )dp zi n i = 1
Rates of reactions between charged particles
The thermal average of reaction rate is described as
n 1 (n L1 , p z1 )dp z1 n 2 (n L2 , p z2 )dp
where v is the relative velocity of nuclides 1 and 2, E is the kinetic energy in the center of mass (CM) system, and θ is the angle between momentum vectors of nuclides 1 and 2 on the plane perpendicular to the magnetic field.
The velocity vectors of nuclides i is described as v i = (v ⊥i , v zi ). The angle is then given 
Momentum variables, i.e., p z1 and p z2 , are transformed to the CM momentum and the relative momentum. Integration over the CM momentum is performed in the equation, and we obtain,
where v zr ≡ v z1 − v z2 is the relative velocity in the direction of the field.
Velocities on the plane perpendicular to the field are discretized as v 
In reactions of neutron, discrete momenta of only charged particles are taken into account.
The rate is described as
Variable transformations from p z1 and p zn to p zG (CM momentum) and p zr (relative momentum) are performed, and an integration over p zG is computed. The reaction rate is then rewritten to be
dµ ∞ −∞ dp xn dp yn exp − p
We perform an integration over azimuth angle on the (p xn , p yn ) plane and trivial transformations from momenta to velocities, and obtain an expression, i.e.,
where the relative velocity is given by
The kinetic energy in the CM system is given by E = µ red v 2 /2.
The sum in the reaction rate is transformed to an integration using the Euler-McLaurin formula. The integration form of reaction rate is given by
Two terms scaling as eB are induced by magnetic field B, and they disappear in the limit of no field, i.e., B = 0.
We check the reaction rate of 7 Be(n, p) 7 Li for example. Rates are calculated with Eq.
(B13). The masses of neutron and 7 Be nucleus is m n = 0.939565 GeV and m7 Be = 6.534184
GeV [91] . Although the cross section would be changed in magnetic fields through the momentum quantization, that effect is neglected and cross section values in no fields are taken from Ref. [61] approximately. In the attenuating magnetic field case (solid dark lines), the field effect is larger in higher temperatures. The discretization effect is roughly determined from the index factor, i.e., Z 1 eB/(m 1 T ), in the exponential in Eq. (B13). The field amplitude (∝ T 2 ) decreases faster than the temperature in the universe (∝ T 1 ) does. The index is, therefore, larger in higher temperature. In the constant magnetic field case (dashed lines), the field effect is larger in lower temperatures conversely.
In somewhat high magnetic field, the minimum energy of nuclear Landau level is higher than the thermal energy of the universe, ∼ T . The average of rate then receives a contribution from large CM energies which originate from large relative velocities [Eq. (B14)]. Since the reaction rate at higher energies is roughly smaller as for the reaction 7 Be(n, p) 7 Li, the existence of field decreases the reaction rate. The lowest solid dark line in Fig. 4 has two bumps at 1 < ∼ T 9 < ∼ 2 and 4 < ∼ T 9 < ∼ 7. These bumps correspond to peaks in reaction rates produced by the 3 + resonant states of 9 Be * at resonance energies E r = 0.33 MeV and 2.66
MeV [92] . At T 9 = 1.75 and T 9 = 5.2, the minimum CM energies of the ground Landau level, i.e., E min = µ red Z 1 eB/(2m As observed above, magnetic fields can affect thermonuclear reaction rates. Large amplitudes of magnetic fields as assumed in Fig. 4 are, however, excluded from incredibly fast expansion of universe (see Fig. 2 ). The effect of magnetic field on nuclear reaction rates can thus be neglected. 
